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We propose a novel random matrix model that describes the QCD Kondo effect. The model
correctly implements both the chiral symmetry of light quarks and the SU(2) spin symmetry of
heavy quarks. We take the large-N limit with N the matrix size and show that the model has
three phases: the pure Kondo phase with no chiral condensate, the pure chirally broken phase
with no Kondo condensate, and the coexistence phase. The model predicts that the pairing form
of the Kondo condensate in the coexistence phase is significantly altered compared to the pure
Kondo phase. For each of these phases we rigorously derive the low-energy effective theory of
Nambu-Goldstone modes and obtain compact closed expressions for the partition function with
external sources. We also include a chiral chemical potential into the model and examine the
vacuum structure.
I. INTRODUCTION
In certain alloys with dilute magnetic impurities, the
electrical resistivity shows a minimum at nonzero tem-
perature, a phenomenon famously known as the Kondo
effect [1–4]. The antiferromagnetic coupling between con-
duction electrons and an impurity gets stronger as the
temperature lowers, and eventually leads to a complete
screening of the magnetic moment of the impurity. This
is a classical example of asymptotic freedom. The prereq-
uisites of the Kondo effect are (i) nonzero density of states
of conduction electrons, (ii) a non-Abelian interaction,
and (iii) quantum loop effects. Later the Kondo problem
was investigated for materials which have the density of
states that vanishes at the Fermi energy as a power law,
ρ(E) ∝ |E − EF |r. This is called the pseudogap Kondo
problem and is relevant to materials hosting quasipar-
ticles with relativistic dispersions, including graphene,
Dirac/Weyl semimetals, and d-wave superconductors [5–
16]. In these systems, there is a quantum phase transition
at finite coupling from the unscreened free moment phase
to the strongly coupled Kondo phase. This is analogous
to chiral symmetry breaking in the QCD vacuum [17, 18].
Recently the Kondo effect in relativistic nuclear and
quark matter has been discussed [19–29]. In such sys-
tems the impurity is either a single heavy quark (charm
and bottom) or a hadron including a heavy quark (e.g.,
D and B mesons). The non-Abelian symmetry pertinent
to the QCD Kondo effect is the SU(2) isospin symmetry
and the SU(3) color symmetry. (Precisely speaking, as
first pointed out in [24], the Kondo effect in QCD is a
relativistic analog of the overscreened Kondo effect [30–
33], in which the low-energy physics is governed by a
non-Fermi-liquid fixed point. The overscreening is typi-
cal for multichannel systems where there are more con-
duction electrons than are necessary to exactly screen
the impurity’s spin.) The Kondo scale in quark matter
is estimated to be 10 ∼ 100 MeV [23, 26] while that in
normal metals is of order 10K, so they are different by
a factor of 1011. It is quite impressive that the same
physical mechanism is operative at such drastically dif-
ferent scales. Since heavy flavors are phenomenologically
important as a probe of hot and dense matter in heavy
ion collisions and compact stars [34–37], we expect the
QCD Kondo effect to play a role there. However it must
be noted that the QCD Kondo effect is always subject
to competitions with other kind of condensates [24, 26].
At low baryon density the chiral condensate is dominant,
while at asymptotically high baryon density the diquark
condensate is dominant. Therefore in these two regions
the QCD Kondo effect is strongly suppressed. Studies
[20, 21, 29] have shown that a chemical potential, an ex-
ternal magnetic field, and a chiral chemical potential all
serve as a catalyst of the QCD Kondo effect; however, at
the same time they also catalyze chiral symmetry break-
ing and color superconductivity, so the fate of the QCD
Kondo effect is, to say the least, elusive. Nevertheless it
is interesting in its own right as a crossroad of condensed
matter physics and high energy physics.
Randommatrix theory (RMT) is a powerful framework
to analyze statistical properties of interacting many-body
systems [38, 39]. RMT has been applied to QCD to derive
universal microscopic correlation functions of the Dirac
eigenvalues at zero [40–44] and nonzero chemical poten-
tial [45–55], as well as to map out the QCD phase dia-
gram [56–62] (see [63–67] for reviews). The matching be-
tween RMT and lattice simulation data provides a clean
way to determine low-energy constants in chiral pertur-
bation theory [68, 69]. Furthermore, since RMT is ana-
lytically tractable and yet captures the essence of QCD,
it has long been used as a testing ground of newly de-
veloped methods to solve the sign problem in QCD, such
as the complex Langevin algorithm [70–72], the subset
method [73], and the Lefschetz thimbles [74].
In this paper, we aim to build the first random ma-
trix model for the QCD Kondo effect. Since the guid-
ing principle of RMT is the correct matching of sym-
metries, one must first understand symmetries of the
QCD Kondo effect. Let us consider heavy quarks Q
that are uniformly distributed in the medium of Nf
light flavors ψ. As usual, there is chiral symmetry
U(1)V ×U(1)A×SU(Nf )L×SU(Nf )R for ψ. By contrast,
it makes no sense to talk about chiral symmetry for Q.
Instead, the relevant symmetry of Q is U(1)Q × SU(2)H ,
which is called the heavy quark symmetry (HQS) [34–
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237].[75] This SU(2)H symmetry originates from the fact
that when the mass mQ of Q is large, interactions that
flip the spin of Q are suppressed by 1/mQ. Now, ac-
cording to the putative QCD Kondo effect, the heavy-
light condensate 〈ψQ〉 forms [76] and triggers sponta-
neous symmetry breaking [23, 25]
U(1)V ×U(1)A × SU(Nf )L × SU(Nf )R ×U(1)Q × SU(2)H
→ U(1)V+Q ×U(1)A+H × SU(Nf − 1)L × SU(Nf − 1)R .
(1)
Here we of course assumed that there is no other con-
densate that interferes with the Kondo effect. In (1),
U(1)A+H represents the dynamical locking of U(1)A and
an Abelian subgroup of SU(2)H . It is dubbed as chiral-
HQS locking in [23, 25] and is a hallmark of the QCD
Kondo effect.
In this paper, we construct a random matrix model
that correctly implements both the chiral symmetry of
light quarks and the heavy quark symmetry of impurities.
By taking the large-N limit with N the matrix size, we
show for Nf = 1 that there appear three distinct phases:
• Pure Kondo phase: 〈ψQ〉 6= 0 and 〈ψψ〉 = 0.
• Pure chirally broken phase: 〈ψQ〉 = 0 and 〈ψψ〉 6= 0.
• Coexistence phase: 〈ψQ〉 6= 0 6= 〈ψψ〉.
One can go to each phase by deliberately tuning a param-
eter of the model that controls the relative strength of
interactions for ψψ and ψQ. For the pure Kondo phase,
we show that the symmetry breaking pattern coincides
with (1). In particular, the chiral-HQS locking is faith-
fully realized. For the coexistence phase, we reveal that
the pairing form of the Kondo condensate is drastically
modified due to the influence of the chiral condensate,
which has not been known before. We will also include
the chiral chemical potential and examine how the Kondo
condensate is deformed. Summarizing, this work opens
up a novel way to study quark matter with heavy flavors
in an analytically tractable setup.
This paper is organized as follows. In section II we
define the new random matrix model and clarify symme-
tries. In section III the phase structure of the model for
N  1 is investigated. In section IV we add external
source terms and derive the effective theory of Nambu-
Goldstone modes. In section V we introduce a chiral
chemical potential into the model and study the behav-
ior of Kondo condensates. In section VI we conclude.
II. THE MATRIX MODEL
The random matrix model we propose is defined by
the partition function
Z =
∫
dW
∫
dV exp
[−NηTr(W †W )−N Tr(V †V )]
×
Nf∏
f=1
det(D +mf12N )× det2(−V † + λ1N ) , (2)
where W and V are N × N complex matrices, η and λ
are parameters with η > 0, and the Dirac operator for
light quarks is given by a non-Hermitian 2N×2N matrix
D ≡
(
0 W + V
−W † + V 0
)
. (3)
In the following, we focus onNf = 1 in the chiral limit for
technical simplicity. Let us introduce light quark fields
ψiα and ψiα (i = R,L) as well as heavy quark fields with
spin Q↑α, Q↓α, Q↑α, Q↓α where α runs from 1 to N .[77]
With the aid of these Grassmann variables, we obtain
Z =
∫
d(ψψQQ)
∫
dW
∫
dV
× exp [−NηTr(W †W )−N Tr(V †V )
+ ψRα(W + V )αβψRβ + ψLα(−W † + V )αβψLβ
+Q↑α(−V † + λ1N )αβQ↑β +Q↓α(−V † + λ1N )αβQ↓β
]
.
(4)
Evidently the model has the symmetry U(1)V × U(1)A
for ψ and U(1)Q × SU(2)H for Q.
Let us integrate out the Gaussian matrices and per-
form the Hubbard-Stratonovich transformation to make
taking the large-N limit easier. For the W part we have∫
dW exp(−NηW ∗αβWαβ + ψRαWαβψRβ − ψLβW ∗αβψLα)
∝ exp
(
− 1
Nη
ψRαψRβψLβψLα
)
(5)
∝
∫
C
dσ exp(−Nη|σ|2 + ψRαψLασ + ψLαψRασ∗) . (6)
The V part reads∫
dV exp
[−NV ∗αβVαβ + (ψRαψRβ + ψLαψLβ)Vαβ
− (Q↑βQ↑α +Q↓βQ↓α)V ∗αβ
]
∝ exp
[
− 1
N
(ψRαψRβ + ψLαψLβ)(Q↑βQ↑α +Q↓βQ↓α)
]
(7)
∝
∫
C4
dK exp
[−N Tr(K†K) + ψRαKR↑Q↑α
+Q↑αK
∗
R↑ψRα + ψLαKL↑Q↑α +Q↑αK
∗
L↑ψLα
+ ψRαKR↓Q↓α +Q↓αK
∗
R↓ψRα + ψLαKL↓Q↓α
+Q↓αK
∗
L↓ψLα
]
, (8)
where the notation K ≡
(
KR↑ KR↓
KL↑ KL↓
)
was used. Col-
lecting everything, we obtain
Z ∝
∫
d(ψψQQ)
∫
C
dσ
∫
C4
dK
× exp[−Nη|σ|2 −N Tr(K†K)]
3× exp


ψR
ψL
Q↑
Q↓

α

0 σ
σ∗ 0
K
K† λ 0
0 λ


ψR
ψL
Q↑
Q↓

α
 (9)
∝
∫
C
dσ
∫
C4
dK exp[−Nη|σ|2 −N Tr(K†K)]
× detN
[
KK† − λ
(
0 σ
σ∗ 0
)]
(10)
=
∫
C
dσ
∫
C4
dK z(σ,K)N , (11)
where we defined (with rescaling σ → σ/√η)
z(σ,K) ≡ e−|σ|2−Tr(K†K) det
[
KK† − ξ
(
0 σ
σ∗ 0
)]
, (12)
ξ ≡ λ√
η
. (13)
Note that this is an exact rewriting of the original parti-
tion function and so far no approximation has been made.
The parameter ξ controls the strength of chiral symmetry
breaking interactions (weaker for small |ξ| and stronger
for larger |ξ|). The phase diagram of the model as a
function of ξ is the subject of the next section.
III. PHASE STRUCTURE AT LARGE N
For N  1, the ground state of the model is de-
termined from the saddle point analysis of the func-
tion z(σ,K) in (12). Through a U(1)A rotation K →
exp(iθσ3)K the phase of σ can be arbitrarily tuned, so
one can assume σ ≥ 0 without loss of generality. For
numerics, we adopt the parametrization
KK† =
(
a c+ id
c− id b
)
(14)
with
a, b, c, d ∈ R, a ≥ 0, b ≥ 0, ab ≥ c2 + d2 . (15)
Then
z(σ,K) = e−σ
2−a−b det
(
a c+ id− ξσ
c− id− ξσ b
)
(16)
= e−σ
2−a−b[ab− (c− ξσ)2 − d2] . (17)
Suppose we rotate the vector (c, d) ∈ R2 with σ, a, b and
c2 + d2 fixed. Since ab− (c− ξσ)2 − d2 = ab− c2 − d2 −
ξ2σ2 + 2cξσ = 2
(
c
d
)
·
(
ξσ
0
)
+ const., it is obvious that
ab− (c− ξσ)2− d2 is extremized if and only if the vector
(c, d) is parallel to (ξσ, 0). Thus d = 0 at the saddle
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FIG. 1. The minimum of the free energy (18) for varying ξ.
b is not plotted because a = b for all ξ.
point. Taking this observation into account, we find that
the task is to minimize the free energy
f(a, b, c, σ) ≡ σ2 + a+ b− log ∣∣ab− (c− ξσ)2∣∣ (18)
under the conditions σ ≥ 0, a ≥ 0, b ≥ 0 and ab ≥ c2. We
numerically solved this problem. The result is plotted in
Figure 1. Here is a brief summary of the phase structure.
Domain Phase Condensates
0 ≤ ξ ≤ 0.5557 Pure Kondophase 〈K〉 = 12, 〈σ〉 = 0
0.5557 ≤ ξ ≤ 1 Coexistencephase 〈K〉 6= 0, 〈σ〉 6= 0
ξ ≥ 1 Pure chirallybroken phase 〈K〉 = 0, 〈σ〉 = 1
In the pure Kondo phase at ξ ≤ 0.5557, KK† = 12
in the ground state. Therefore, up to unitary rota-
tions K → KU with U ∈ U(2), we have K = 12, i.e.,
〈KR↑〉 = 〈KL↓〉 = 1 and 〈KR↓〉 = 〈KL↑〉 = 0. Hence
the symmetry breaking U(1)V × U(1)Q → U(1)V+Q oc-
curs. Furthermore, recalling that K transforms under
U(1)A × SU(2)H as
K → eiθσ3 Ku with eiθσ3 ∈ U(1)A and u ∈ SU(2)H ,
(19)
it follows that K = 12 spontaneously breaks U(1)A ×
SU(2)H down to U(1)A+H . This is the random matrix
incarnation of the chiral-HQS locking advocated in [23,
25].
In the coexistence phase at 0.5557 ≤ ξ ≤ 1, both the
Kondo condensate and the chiral condensate are nonzero.
Analytically one can show
a =
4− ξ2 − ξ
√
ξ2 + 8
8
, (20)
σ =
ξ +
√
ξ2 + 8
4
. (21)
4Specifically, we have KK† = a
(
1 −1
−1 1
)
. There are
infinitely many K that fulfills this form due to unitary
invariance (K → KU). Let us mention two particular
choices. The first one is 〈K〉 = √a
(
1 0
−1 0
)
. Namely,
〈KR↑〉 = −〈KL↑〉 =
√
a and 〈KR↓〉 = 〈KL↓〉 = 0 ,
(22)
implying that only up spin component of Q partici-
pates in the Kondo effect. The second one is 〈K〉 =√
a
2
(
1 1
−1 −1
)
. This is a more symmetric choice, since
all components equally contribute to the Kondo effect:
〈KR↑〉 = 〈KR↓〉 = −〈KL↑〉 = −〈KL↓〉 =
√
a
2
. (23)
The relative minus sign of 〈KR〉 and 〈KL〉 in (23) arises
due to the assumption that σ ≥ 0. For either choice of
K, one can conclude that a nonzero chiral condensate
leads to breakdown of the chiral-HQS locking.
Finally, the phase for ξ ≥ 1 is an ordinary chiral sym-
metry broken phase with no Kondo effect. The only spon-
taneously broken symmetry is U(1)A.
IV. LOW-ENERGY EFFECTIVE THEORY
The procedure to derive low-energy effective theory of
soft fluctuations in random matrix models is established
(see e.g., [40, 78]). Following this route, in this section we
examine the large-N behavior of the partition function
in the presence of external fields. In addition to quark
masses, we shall insert the source term for the Kondo
condensates
jRψRQ↑ + jLψLQ↓ + j
∗
RQ↑ψR + j
∗
LQ↓ψL . (24)
Inserting this into (2) we find the fermion determinant
(for Nf = 1) to be
det

W + V m jR 0
m∗ −W † + V 0 jL
j∗R 0 −V † + λ 0
0 j∗L 0 −V † + λ

=

det
[
(W + V )(W † − V ) + |m|2]× det2(−V † + λ)
for jR/L → 0, and
det[(W + V )(V † − λ) + |jR|2]
×det[(−W † + V )(V † − λ) + |jL|2] for m→ 0.
(25)
The sources m and jL/R are similar to a magnetic field
applied to a ferromagnet. Generally, in a phase with
spontaneously broken symmetry, an infinitesimal exter-
nal perturbation determines the orientation of a macro-
scopically large condensate. In QCD, the quark mass,
however small it is, determines the orientation of the chi-
ral condensate. Recalling that the fermion determinant
in QCD has the form det( /D + m), such a phenomenon
is possible only if /D has a macroscopically large number
of eigenvalues in the vicinity of zero. This is the content
of the Banks-Casher relation [79]. In our matrix model,
m couples to the matrix (W + V )(W † − V ) and j to
(W+V )(V †−λ) and (−W †+V )(V †−λ). Therefore, in a
phase with nonzero chiral/Kondo condensates, these ma-
trices must have a macroscopically large number of eigen-
values near the origin. The level fluctuations on the scale
of a mean level spacing in this domain are believed to be
universal [38, 64]. One method to probe this regime in
RMT is to directly diagonalize these matrices and derive
spectral functions analytically. However, this direction
seems difficult if not impossible for the current matrix
model because W and V are intertwined in a peculiar
way. Therefore we shall turn to another method: to de-
rive the effective theory of the partition function coupled
to external fields. It uncovers fruitful information about
statistical properties of the underlying operator coupled
to an external field [80].
Our point of departure is (9) with source terms in-
cluded and σ rescaled (σ → σ/√η):
Z ∝
∫
C
dσ
∫
C4
dK exp[−N |σ|2 −N Tr(K†K)]
× detN
 0 σ +
√
ηm
σ∗ +
√
ηm∗ 0
K + J
K† + J† ξ12
 (26)
with J ≡ diag(jR, jL). We will take the large-N limit
with m ∼ jL/R ∼ O(1/N) and define the microscopic
variables
m̂ ≡ Nm, ĵL/R ≡ NjL/R and Ĵ ≡ NJ . (27)
We begin with the pure chirally broken phase with
〈σ〉 = 1 and 〈K〉 = 0. Substituting σ = e−iφ and K = 0
into (26), one can straightforwardly derive the large-N
behavior
Z ∝
∫ 2pi
0
dφ exp
[√
η
(
m̂ eiφ+m̂∗ e−iφ
)]
(28)
∝ I0(2√η|m̂|) . (29)
Here φ is the Nambu-Goldstone mode of U(1)A, and I0 is
the modified Bessel function of the first kind. The light
and heavy quarks decouple.
Next we consider the pure Kondo phase in which 〈σ〉 =
0 and 〈K〉 = 12. Substituting σ = 0 and K = U with
U ∈ U(2) into (26) we readily obtain
Z ∝
∫
U(2)
dU exp
[
Tr(ĴU† + UĴ†)
]
. (30)
5Interestingly enough, this coincides exactly with the
finite-volume partition function of two-flavor QCD in the
ε-regime [40, 80]. The role of the quark mass matrix is
now played by Ĵ . This integral can be analytically car-
ried out [81, 82] and yields (for real Ĵ)
Z ∝ ĵLI0(2ĵR)I1(2ĵL)− ĵRI0(2ĵL)I1(2ĵR)
ĵ2L − ĵ2R
. (31)
Finally we turn to the coexistence phase. This is by far
the most complicated case. We denote the ground state
as σ0 ≡ 〈σ〉 and K0 ≡ 〈K〉 [cf. (20) and (21)]. The five
Nambu-Goldstone modes can be introduced as
σ = e2iφ σ0 , (32)
K = eiφσ3 K0U , (33)
with U ∈ U(2). From (26) we then get
Z ∝
∮
dφ
∫
U(2)
dU detN
 0 e2iφ σ0 +
√
ηm
e−2iφ σ0 +
√
ηm∗ 0
eiφσ3 K0U + J
U†K†0 e
−iφσ3 +J† ξ12
 (34)
≈
∮
dφ
∫
U(2)
dU exp
{
−√η ξTr
[
R−1
(
0 m̂ e−2iφ
m̂∗ e2iφ 0
)]
+ 2 ReTr
(
R−1Ĵ e−iφσ3 U†K†0
)}
, (35)
where
R ≡ K0K†0 − ξσ0
(
0 1
1 0
)
. (36)
Notice that in the second term of the exponent, e−iφσ3
can be absorbed into U . It leads to factorization of the
partition function. Using K0 =
√
a
(
1 0
−1 0
)
, we obtain
Z =
∮
dφ exp
[√
η C1(ξ)(m̂ e
−2iφ+m̂∗ e2iφ)
]
×
∫
U(2)
dU exp
{
C2(ξ)ReTr
[(
ĵR −ĵL
0 0
)
U†
]}
(37)
where
C1(ξ) ≡ ξ +
√
ξ2 + 8
4
, (38)
C2(ξ) ≡
√
4− ξ2 − ξ
√
ξ2 + 8
2
. (39)
As a quick consistency check, notice that C1 → 1 and
C2 → 0 as ξ → 1, ensuring that the effective theory for
the pure chirally broken phase (28) is smoothly recovered
at the phase transition ξ = 1.
The integral (37) can be carried out exactly [81, 82]
and yields
Z ∝ I0
(
2
√
η C1(ξ)|m̂|
)I1
(
C2(ξ)
√
|̂jR|2 + |̂jL|2
)
√
|̂jR|2 + |̂jL|2
. (40)
V. CHIRAL CHEMICAL POTENTIAL
The chiral chemical potential µ5ψγ0γ5ψ introduces a
net imbalance of chiralities. Its use is motivated by the
chiral magnetic effect [83, 84] in which a current is in-
duced by a magnetic field in a chirally asymmetric mat-
ter. The interplay of the chiral chemical potential and the
QCD Kondo effect was analyzed in an NJL-type model
in [29]. Here we discuss it in the context of our ma-
trix model. For simplicity, we switch off the interaction
part of W , which amounts to neglecting chiral symmetry
breaking entirely. By slightly modifying (9), we get the
partition function
Z =
∫
d(ψψQQ)
∫
C4
dK exp[−N Tr(K†K)]
× exp


ψR
ψL
Q↑
Q↓

α

ρ 0
0 −ρ K
K† λ 0
0 λ


ψR
ψL
Q↑
Q↓

α
 (41)
where ρ represents the chiral chemical potential. Inte-
grating out fermions yields
Z ∝
∫
C4
dK
{
e−Tr(K
†K) det(KK† − µ5σ3)
}N
(42)
with
µ5 ≡ ρλ . (43)
Again we employ the parametrization (14). As
det(KK†−µ5σ3) depends on c and d through the combi-
nation c2+d2 one can set d = 0 without loss of generality.
The task is to minimize the free energy
f5(a, b, c) ≡ a+ b− log
∣∣(a− µ5)(b+ µ5)− c2∣∣ (44)
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FIG. 2. The Kondo condensates for varying µ5.
under the conditions a ≥ 0, b ≥ 0 and ab ≥ c2. We solved
this problem numerically and found that c = 0 for all
µ5. The condensates are then obtained as 〈KR↑〉 =
√
a
and 〈KL↓〉 =
√
b. The numerical results are plotted in
Figure 2 and are summarized below.
Domain 〈KR↑〉 〈KL↓〉
−1 ≤ µ5 ≤ −µC5
√
1 + µ5 0
−µC5 ≤ µ5 ≤ µC5
√
1 + µ5
√
1− µ5
µC5 ≤ µ5 ≤ 1 0
√
1− µ5
|µ5| > 1 0 0
There are phase transitions at µ5 = ±1 and ±µC5 , where
µC5 ≡ 0.27846 · · · (45)
is the solution of e1+x x = 1. As expected on physi-
cal grounds, µ5 lifts the degeneracy of left-handed and
right-handed Kondo condensates. At large µ5 the con-
densates go away, which we think is an artifact of the
model, similar to the UV cutoff effects in NJL models.
VI. CONCLUSIONS AND OUTLOOK
In this work, we have constructed a new random ma-
trix model that captures the essence of the QCD Kondo
effect. The model has correct symmetries of QCD with
a heavy flavor. We solved the model for Nf = 1 in the
large-N limit with N the matrix size, and classified the
patterns of spontaneous symmetry breaking. The model
has three phases that arise due to the competition of
chiral symmetry breaking and the QCD Kondo effect.
In the Kondo phase with no chiral condensate, we have
shown that the U(1)A symmetry of light quarks and the
SU(2) heavy quark spin symmetry are locked to the di-
agonal U(1) subgroup, as expected for the QCD Kondo
phase. In the phase where the Kondo effect and chiral
symmetry breaking coexist, we have shown that the pair-
ing form of the Kondo condensate is drastically modified.
This is an important prediction of our model. Moreover,
for each of the three phases we derived the low-energy ef-
fective theory of Nambu-Goldstone modes and obtained
closed formulas for the partition function. We hope this
work contributes to better analytical understanding of
the QCD phase diagram with heavy quarks.
There are various future directions of research.
I The analysis in this paper is limited to Nf = 1.
Extension to Nf > 1 is a challenging open problem.
I The axial anomaly was ignored in this work. How
to incorporate anomaly into our random matrix
model is not clear yet.
I Our prediction for the pairing form of the Kondo
condensate in the coexistence phase should be
checked in more realistic NJL-type models.
I As is well known, there are three symmetry classes
in chiral RMT, corresponding to quarks in a com-
plex/real/pseudoreal representation of the gauge
group [85]. The matrix model in this work cor-
responds to QCD with quarks in a complex repre-
sentation. Extension to the other two classes (the
chiral orthogonal ensemble and the chiral symplec-
tic ensemble) will be very interesting.
Work in some of these directions is in progress.
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